
Math 8720 Spring 2022

Homework 4

Submission deadline: March 28th, 11:59 pm.

1. Graphs in R2. Let f : R2 → R be a smooth function, and consider the embedded surface in R3

described by its graph, i.e.
Γf := {(x, y, f(x, y)) | (x, y) ∈ R2}.

Recall that the first fundamental form I of an embedded surface Σ in a Riemannian manifold (M, g)
is defined as the restriction of g on the tangent space of Σ.

(a) Consider the global chart (U,ϕ) of Γf given by the projection onto R2×{0}, i.e. ϕ(x, y, f(x, y)) =
(x, y) for any (x, y) ∈ R2. Show that the first fundamental form of Γf is represented by the
matrix

I =

[
1 + (∂xf)2 ∂xf∂yf
∂xf∂yf 1 + (∂yf)2

]
with respect to the coordinate vector fields ∂x, ∂y of ϕ.

By what seen in class, the Levi-Civita connection ∇ of (Γf , I) can be described as follows: if n
denotes a unit normal vector field of Γf (i.e. 〈n, ∂x〉 = 〈n, ∂y〉 = 0, and |n|2 = 1 at every point of
Γf ), then

∇XY = DXY − 〈DXY, n〉n
for any tangent vector field X,Y on Γf , where D is the Levi-Civita connection of R3 with the
standard Euclidean metric.
Recall that the sectional curvature of I can be expressed as

K = K(I) =
R(∂x, ∂y, ∂x, ∂y)

‖∂x‖2‖∂y‖2 − 〈∂x, ∂y〉2
.

(Since Γf is a 2-dimensional manifold, there exists a unique 2-dimensional subspace of T·Γf , namely
T·Γf itself.)

(b) Show that the sectional curvature of Γf can be expressed as

K =
∂2
xf∂

2
yf − (∂x∂yf)2

(1 + (∂xf)2 + (∂yf)2)2
.

Notice that the numerator is equal to the determinant of the Hessian of f (with respect to the
flat connection of R2).

(c) Let n be a unit normal vector field to Γf , and define the shape operator B of Γf to be
BX := −DXn, for any tangent vector field X of Γf . Prove that B defines a I-selfadjoint
endomorphism of the tangent space of Γf , i.e. 〈BX,n〉 = 0, and I(BX,Y ) = I(X,BY ).

(d) Prove that K = det(B).
In fact, the original Gauss’ definition of curvature (for embedded surfaces in R3) was not
introduced in terms of the Riemann tensor, but rather as det(B). Gauss’ Theorema Egregium
stated that the quantity det(B) depends only on the 0-th, 1-st, and 2-nd order derivatives of
the first fundamental form I. In particular, it is an intrinsic quantity of the Riemann surface
(Γf , I), which does not depend on the embedding of the surface, but only on its induced
Riemannian metric.
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(e) Compute the curvature of the graphs of the following functions:

• f(x, y) = xy;
• f(x, y) =

√
r2 − x2 − y2, for some r > 0 (and deduce that spheres have constant curva-

ture);
• f(x, y) = x2;
• f(x, y) =

√
1 + x2 + y2. (Notice that in this case Γf is the same surface of the hyperboloid

model of H2. However, the curvature of I and of the restriction of the Minkowski scalar
product are very different!)

2. Conformal metrics and curvature. Let Ω be an open set in C, endowed with a Riemannian
metric of the form g = e2u|dz|2 (if z = x+ iy ∈ C, then the tensor |dz|2 is simply dx2 +dy2). Prove
that the curvature of the metric g can be expressed as

Kg = −e−2u∆u.

Deduce that both the Riemannian spaces(
{z ∈ C | Im z > 0}, (Im z)−2|dz|2

)
and {z ∈ C | |z| < 1},

(
2

1− |z|2

)2

|dz|2


have constant sectional curvature −1. In fact these are just different models of the hyperbolic plane
H2.

And what about
(
C,
(

2
1+|z|2

)2
|dz|2

)
? Can you find a relation with the 2-sphere? (Hint: stereo-

graphic projection)

3. Schur’s theorem. Let (M, g) be a connected Riemannian manifold of dimension ≥ 3. Assume
that, for any point p ∈ M there exists K(p) such that the sectional curvature of every 2-plane in
TpM is equal to K(p). Using the second Bianchi identity (see exercise 4), show that (M, g) has
constant sectional curvature, i.e. K = K(p) is independent of p ∈M .

(Hint: the assumption, combined with what seen in class, tells us that the Riemann tensor can be
expressed as R(X,Y, Z,W )p = K(p)(g(X,Z)pg(Y,W )p − g(X,W )pg(Z,W )p). From here, we need
to apply the second Bianchi identity to find a way to conclude that K is constant. See exercise 8 at
page 106 in do Carmo’s book for further details, but be careful about the different notation used for
the Riemann tensor.)

Alert! The exercises that follow are NOT compulsory. I wrote them here because they are useful
facts to know, which probably appear at some point in the course. You should read and understand
the statements, but you are NOT required to do them.
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4. Second Bianchi identity. Let (M, g) be a Riemannian manifold. Prove that for any tangent
vector fields X,Y, Z,W we have

(∇XR)(Y,Z,W ) + (∇Y R)(Z,X,W ) + (∇ZR)(X,Y,W ) = 0,

where R is the (1, 3)-Riemann tensor of (M, g), and ∇XR stands for the covariant derivative with
respect to X of the tensor (Y,Z,W ) 7→ R(Y, Z)W . (On both textbooks by Gallot-Hulin-Lafontaine
– see Proposition 3.14 – and do Carmo – exercise 7 at page 106 – you can find sketch of proofs of
this relation.)

Alert! Bianchi is an Italian surname, it is pronounced "bee-HAN-ki". (Sorry in advance for being
fussy!)
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