
Math 8720 Spring 2022

Homework 3

Submission deadline: March 7th, 11:59 pm.

1. On the 2-sphere. Let S2 denote the unit sphere in R3, with its induced Riemannian metric. Let

ψ : (0, 2π)× (−π2 ,
π
2 ) −→ S2

(ϑ, α) 7−→

 cosα cosϑ
cosα sinϑ

sinα

 ,

and set ϕ := ψ−1 : ψ((0, 2π)× (−π2 ,
π
2 ))→ (0, 2π)× (−π2 ,

π
2 ) ⊂ R2.

(a) Compute the metric of S2 with respect to the chart ϕ.
(b) Show that the curves α 7→ ψ(ϑ, α) are geodesics for every ϑ ∈ (0, 2π), while the curve ϑ 7→

ψ(ϑ, α) is a geodesic if and only if α = 0.
(c) Compute the parallel transport of ∂ϑ along a curve of the form ϑ 7→ ψ(ϑ, α).
(d) Knowing that Paris’ latitude is approximately 48◦52′ N, determine the total rotation angle that

Foucault’s pendulum performed after 24 hours once it was set up on February 1851 in Paris
Observatory (one should consider also the rotation that the Earth performs around the Sun in
a one day period, but you can approximate the Earth’s path to be along a straight line for the
purpose of this exercise. It may be useful to give a look at the Wikipedia page on Foucault’s
pendulum).

(e) let v = (0, 0, 1) ∈ R3, and let λ : S2 → R be the restriction of the function x 7→ 〈x, v〉0, where
〈·, ·〉0 denotes the standard Euclidean scalar product of R3. Prove that λ is an eigenfunction
of the Laplacian ∆ = ∆gS2

. More precisely, we have ∆λ = −2λ. The strategy of the proof
of Obata’s first eigenvalue theorem is based on this simple remark (once we generalize this
observation to the n-dimensional sphere of radius r > 0).

2. Isometry groups. Let (M, g) be a connected Riemannian manifold. A diffeomorphism f : M →
M is an isometry of (M, g) if it satisfies f∗g = g, i.e. for every p ∈M , u, v ∈ TpM we have

gf(p)(dfp(u),dfp(v)) = gp(u, v).

We denote by Isom(M, g) the group of isometries of (M, g).

(a) prove that isometries send geodesics into geodesics, i.e. for every geodesic γ : I → M and
f ∈ Isom(M, g), f ◦ γ is a geodesic.

(b) Let f ∈ Isom(M, g). Prove that, if there exists a point p ∈ M such that f(p) = p and
dfp = idTpM , then f = idM . (Hint: show that the set {q ∈M | f(q) = q,dfq = idTqM} is both
open and closed. The exponential map can be useful.)

(c) Show that (1) O(n + 1) acts transitively on the unit n-sphere Sn, O(n) n Rn (the group of
Euclidean transformations of Rn, i. .e compositions of orthogonal transformations and transla-
tions) acts transitively on the Euclidean n-space En, and (3) O+(n, 1) acts transitively on the
hyperboloid model of the hyperbolic n-space Hn. We set GSn := O(n+ 1), GEn := O(n) nRn,
and GHn := O+(n, 1).
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(d) Fix your favorite point p in Xn, where Xn is either Sn,En, or Hn. Prove that the stabilizer
of p inside GX is isomorphic to the group of linear isometries of (TpX, gXp ) through the map
that sends f ∈ Stab(p) into dfp ∈ Isom(TpX, gXp ). (Hint: the injectivity follows from (b), the
non-trivial part is the surjectivity, which is a consequence of some linear algebra argument...).

(e) Conclude that Isom(Xn) = GXn if Xn = Sn,En, or Hn. (We saw ⊇ in class. Now pick an
f ∈ Isom(Xn) and show that there exists an element g ∈ GXn such that g−1 ◦ f is equal to
idXn .)

(f) Observe that the set of linear isometries of (TpM, gp) has dimension n(n−1)
2 , where n = dimM .

Let’s admit now Myers-Steenrod theorem: Isom(M, g) admits a natural structure of Lie group,
which respect to which the action map

Isom(M, g)×M −→ M
(f, q) 7−→ f(q)

is smooth. Deduce that dim(Isom(M, g)) ≤ n+ n(n−1)
2 = n(n+1)

2 (a heuristic argument is fine).
Notice that Sn, En, and Hn realize the equality (in fact these are the only complete and simply
connected Riemannian n-manifolds that are totally isotropic, i.e. for any pair of orthonormal
bases (e1, . . . , en) and (e′1, . . . , e

′
n) of the tangent spaces at p and q, respectively, there exists an

(in fact a unique) isometry sending p to q and such that dfp (ei) = e′i for every i).

Alert! The exercises that follow are NOT compulsory. I wrote them here because they are useful
facts to know, which probably appear at some point in the course. You should read and understand
the statements, but you are NOT required to do them.

3. Distance along a horocycle. Consider the half-plane model of the hyperbolic plane, i.e.

H2 ∼=
(
{(x, y) ∈ R2 | y > 0}, dx2 + dy2

y2

)
.

The curves x 7→ (x, y0) are the so-called horocycles at infinity of H2, for any y0 > 0. The goal of
this exercise is to compare the intrinsic distance between two points along a horocycle, and their
distance inside the hyperbolic plane.

(a) Show that for every ρ > 0 and x0 ∈ R, the curves t 7→ (x0 + ρ tanh t, ρ
cosh t ) and t 7→ (x0, e

ρt)
are geodesics of H2. In fact, all geodesics of the hyperbolic plane are of this form (up to linear
reparametrization).
In what follows, we will assume that the distance between two points p, q of H2 can be computed
as the length of the (in fact unique) geodesic segment joining p to q.

(b) Consider now p = (s, 1) ∈ H2, for some s > 0. Compute the length of the curve γ : [0, s]→ H2

given by γ(u) = (u, 1).

(c) Selecting a suitable geodesic of the form t 7→ (x0 + ρ tanh t, ρ
cosh t ), compute the distance

dH2((0, 1), p). (the computation is – at least roughly – correct if you obtain something that
grows logarithmically in s.)
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4. The divergence theorem. Let (M, g) be a Riemannian manifold with boundary ∂M (possibly
empty), and let X be tangent vector field of M with compact support. The divergence theorem
states that ∫

M

divgX dvolg =

∫
∂M

g(X, ν) dAg

where ν is the exterior normal vector field to ∂M with respect to g, dAg is the volume form on ∂M
induced by g|∂M .

(a) Prove that d(ιX dvolg) = divgX dvolg. (Hint: Cartan’s magic formula.)

(b) Show that the restriction to ∂M of ιX dvolg coincides with g(X, ν) dAg. (Hint: it may be
useful to represent dvolg near the boundary as dvolg = ν̂[∧ω1∧· · ·∧ωn−1, where ν̂ is a vector
field that extends ν on a tubular neighborhood of ∂M , and ωi = e[i, where e1, . . . , en−1 is an
orthonormal frame that spans ν̂⊥.) Then conclude by applying Stokes’ theorem.

(c) Deduce the following integration by part formula:∫
M

ϕ∆gψ dvolg = −
∫
M

(ψ∆gϕ+ 2〈gradgϕ, gradgψ〉) dvolg +

∫
∂M

ν(ϕψ) dAg ,

where ϕ,ψ are smooth functions, and ϕ has compact support.

5. The space of connections. Let M be a smooth n-manifold. The goal of this exercise is to show
that the space of affine connections is an affine space over the space of (1, 2)-tensors on M . This
fact will be useful once we will introduce characteristic classes of smooth vector bundles.

(a) Let ∇ and ∇′ be two affine connections on M , Show that

(X,Y, α) 7→ α(∇XY −∇′XY )

defines a (1, 2)-tensor (i.e. the function above is C∞-linear in all its entries).

(b) Let ∇ be an affine connection, and let A be a (1, 2)-tensor. Prove that the map

(X,Y ) 7→ ∇XY +A(X,Y )

is a connection. Conclude that the set of affine connections is an affine space over T (1,2)(M)
(i.e. there exists a free and transitive action of T (1,2)(M) – as an additive group – on the space
of affine connections).
Notice that a (1, 2)-tensor can be interpreted as a section of the bundle T ∗M ⊗ End(TM). In
general, if F → M is a vector bundle and k ∈ N, we define the space of differential k-forms
with values in F to be

Ωk(M ;F ) := Ωk(M)⊗ Γ(M,F ) = Γ(M,Λk(T ∗M)⊗ F ).

(c) Let g be a fixed Riemannian metric on M . We set End(TM)g-skew to be the bundle of g-
skew-symmetric endomorphisms of T·M . Prove that the space of affine connections on M that
are compatible with g is an affine space over Ω1(M,End(TM)g-skew) (we are not requiring any
condition on the torsion here).

(d) Consider now a general vector bundle E →M . Show that the space of connections on E →M
is an affine space over Ω1(M,End(E)) := Γ(M,T ∗M ⊗ End(E)).
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